Abstract. We consider a radial elliptic-parabolic initial boundary value problem with ux conditions at the lateral boundary. This problem arises as a model for saturated-unsaturated ow in a porous medium. Using formal methods we describe the non-uniform behaviour of the solutions near the extinction time, which is the time at which the unsaturated zone disappears. Borderline cases are particularly delicate and we include a physically important example in which the methods still apply. A related one-dimensional problem is also analysed, illustrating the widespread applicability of the methods used.
1 Saturated-unsaturated porous medium ow
In this letter we are primarily interested in the behaviour of radial solutions of an elliptic-parabolic problem with nonzero constant inward ux on a xed spherical boundary. That is, for u = u(r; t) we consider the equation @ @t c(u(r; t)) = @ 2 u @r 2 + N ? 1 r @u @r ; 0 r < 1; 0 < t < T; (1.1) where the nonlinear function c is de ned by c(s) = min(s; 0):
At the xed boundaries we prescribe @u @r = 0 on r = 0 and @u @r = 1 on r = 1; (0 < t < T); (1.3) and as initial conditions we take c(u(r; 0)) = c(u 0 (r)): Moreover, the unsaturated zone is of the form P = fr < s(t)g:
At the free boundary of P we have, as is easily seen from solving Laplace's equation in the saturated zone, u(s(t); t) = 0 and @u @r (s(t); t)) = s(t) 1?N ; (1.8) provided s(t) < 1. Moreover, s(t) ! 0 as t " t c .
We are interested in the asymptotic behaviour of solutions as t " t c and in particular in the continuity of the solution at t = t c . For dimension N = 2 this question was posed by Gilding; see 5] . In fact N = 2 is critical and three cases have to be distinguished, namely 0 < N < 2, N = 2 and N > 2. Our formal analysis, which is based on matched asymptotic expansions, indicates that for N = 2 the solution will be continuous, but only barely, the modulus of continuity being given by 1=(log j log tj). In 4] it was shown that (radial and nonradial) weak solutions of (1.1) have continuous saturation c(u) provided the pressure u is bounded. Here we have that u(1; t) = ? log(s(t)) ! 1 as t " t c , so the pressure becomes unbounded while the saturation remains continuous.
In the subsections below we discuss each of the three cases. In addition to the analysis for constant ux and linear di usion in the unsaturated zone, we also describe the asymptotics for the case that the ux is an (integrable) power-law function of time near t = t c and the di usion in the unsaturated zone is nonlinearly degenerate. We restrict attention to the case in which (1. Here we assume again that (1.7) holds, which, for slow di usion (p < 1), is the case if (1.7) holds for the initial data. We note that for the unsaturatedsaturated ow model it is often assumed that c has some regularity, e.g. that c is a Lipschitz continuous or continuously di erentiable function. This would exclude p < 1; however a one-dimensional model for groundwater ow has been proposed which is mathematically equivalent to our problem with p < 1, see 2]. The initial conditions are such that (1.7) does not hold, due to the presence of a second free boundary on the inside where u and the ux are zero. This front may be overtaken by the outer moving boundary, at t = t c , before it reaches the xed boundary r = 0. If this happens, the unsaturated zone is not of the form (1.7) near t = t c . This kind of interior extinction (at some x > 0) is discussed in the second part of this letter. and consequently we can expect u(0; t) ! ?u c as t " t c , with u c > 0 depending on the initial data. The asymptotic analysis, which has not previously been accomplished, reveals a two-layer structure here. with > 0 and with free boundary conditions u = u @u @x = 0 at x = s(t) and u = 0; u @u @x = J(t) at x = q(t); (2.2) where q(t) s(t). In this model u is the height of a groundwater mound on an impermeable layer in a horizontal porous stratum. The right free boundary s(t) is the boundary of the propagating water mound; the conditions at x = s(t) are the usual (i.e. mass and momentum preserving) moving boundary conditions for the porous medium equation. The free boundary q(t) exists because of forced water drainage, represented by J(t), on some xed boundary on the left, assuming that where there is no uid mound the hydraulic conductivity is in nite at the bottom. How this is physically feasible is explained in 2]. Thus for x < s(t) we may view u as the solution of (1.1) with c(u) = (( + 1)u) which does not exhibit a second moving interface and provides the lower bound on the range of p for which self-similar solutions describing overtaking exist.
It follows that, for p = 0 in particular, overtaking cannot be expected to be asymptotically self-similar. We nally show that for p in the range ?1 < p < 1 , the non-uniform behaviour as t " t c is given by three regions.
We omit discussion of the borderline case p = 1 .
We de ne a = s(t c ) and b = _ s(t c ) to be, respectively the position and the speed of the right front at the extinction time, where both quantities can be expected to be bounded because of the nite speed of propagation property for the porous medium equation; see 1].
In the outer region we expect u ( b(a ? x)) 1 as t " t c ; (2.6) this corresponds to the local behaviour at a moving front for the porous medium equation. We shall see that in the limit t " t c the front s(t) moves much more slowly than q(t). Writing q a ?Q(t) as t " t c , the outer scaling is then x ? a = O(Q) with ?1 < (x ? a)=Q < 0.
In the inner region, close to x = q(t), we write x = q(t) + z; u u 0 Matching this with (2.6) and using (2. 
